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Geometrical structure and nature of cylindrical
space associated with point particles
M. Honda∗
Abstract
A unific helical field as geometric structure in a cylindrical space is proposed
which is capable of determining attributes inherent to point-like particles. An
operational discussion on transition between our observational space and the
warped infinitesimal space is expanded. It is seen that the rotational eigenvalue
equation, which is satisfied by vector field equivalent to a Gromeka-Beltrami
flow subject to fluid and plasma physics, provides a spatio-unifier that sustains
complex orthogonal coupling between a rotational, internal coordinate space and
angular momentum space. Self-consistent normalization of the rotational coor-
dinate owing to the unifier is shown to be responsible for the renormalization
in quantum electrodynamics (QED). For the demonstration, a numerical value
corresponding to the fine-structure constant is derived from theoretical analy-
sis involving the rotational eigenvalue that charged leptons should refer to. It
is found that the eigenstates of the fields having helical mirror-asymmetry are
reflected in parity violation in β-decay, and also, the chiral eigenstates of the
lowest order even mode exhibit affinity for gravitational interaction. This study
is essential for going beyond the standard model and elucidating origin of space-
time.
1 Introduction
Reducing elements of matters has continuously been the cutting edge issue on natu-
ral philosophy and science. The quest is currently directed toward revealing structure
of the leptons, and quarks as unextractable constituents of hadrons. Knowledge of
the smallest elements will be available for clarifying physical law in the highest en-
ergy region, and imperative for constructing a theory of everything. Let us focus on,
particularly, the most stable charged lepton solely existing, namely, electron. As the
matter now stands, one has none of the observational evidence of the element-divided
substructure; upper limit of the radius is reported 10−20 cm [1]. Unless the electron is
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made out of any solid ingredient, we would have no choice but to consider that the
electric charge e and spin 1/2 as the attributes observed without individuality reflect
structure of another space expanded somewhere in a virtually infinitesimal region. Ac-
cording to the observational fact that magnetic monopole is never yet discovered, it is
anticipated, that the mechanism that generates the magnetic dipole moment coupled
with the spin angular momentum, which is characterized by ~ = h/2π (h is the Planck
constant [2]), is in an asymmetric relation with the mechanism that generates e as the
electric attribute, while being in a complementary relation with it.
When we embark on elucidation of the spatial structure that engenders those at-
tributes, the worthwhile first step is to find an analogy in structure of a nucleus, which
has the same spin 1/2, and the charge and magnetic moment distribution as large as
the classical electron radius of about 10−13 cm. It can be presumed that the nucleus is
constantly emitting and absorbing π-mesons, to have the boson cloud (e.g., Ref. [3]).
We recall that this concrete image is similar to a picture of electron in QED such
that virtual photons dress it. As for orbital angular momentum L, the meson cloud
is required to have the eigenvalue of l = 1 for which to be compatible with the rele-
vant experimental results; this means that the π-mesons are really rotating on an orbit
(e.g., Ref. [4]). With this in view, it might be better to na¨ıvely suppose this kind of
image for the structure driving the spin of electron. Anyway, no longer in doubt is
validity of imposing the commutation relation equivalent to that for the operator of
L = R×P, on spin angular momentum S [5], where R and P are position vector and
momentum, respectively. Accordingly, it would be an innocent attempt to envisage,
for the generation principle of S, a rotational coordinate of the space expanded in the
infinitesimal region of |R| → 0. However, a primitive question of like what coordinate
must be rotated has hitherto remained unanswered, despite its seriousness.
It is not completely absurd to look for, further in macroscopic subjects, a clue to
the puzzle, since in fact the asymmetry of the electromagnetic attributes is being cast
to predominance of magnetic fields up to cosmological scales. It is Abelian plasma
physics that accounts for the dynamics of many-body system of charged particles in-
teracting with classical electromagnetic fields. In the context, it will be better to seek
out, in magnetohydrodynamical features of plasma, an intuitive image for the S gen-
eration. Now, we closer look at the astrophysical jets, which are launched from active
galactic nuclei including black holes, to extend up to million light years. Intriguingly,
in the jets we often recognize signatures of helical motion as well as helical structure
of magnetic field [6]. Such structure could appear as a result of the turbulent pro-
cess of plasmas, in which the magnetic field configuration with the minimum energy
is self-organized under conservation of the magnetic helicity [7, 8]. Practically, helical
magnetic field structure observed in, for example, interplanetary magnetic clouds [9]
and plasma ejecta in the solar corona [10] has been interpreted as this kind of relaxed
state. Let us therefore suppose the structure formation to be a universal magneto-
hydrodynamical phenomenon. In this aspect, invoking that the π-mesons could be
regarded as the lowest energy excitation state in vacuum [4], we conjecture that the
helical structure might reflect the geometrical structure that generates the rotational,
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inner coordinates connecting to S. In regard to this, comparing the galactic nucleus
to one neutron n0, we consider the nuclear reaction of n0 −→ p+ + π−, where p+ and
π− are proton and π−-meson, respectively. We then make a spinning black hole [11]
and accretion disk [12] having angular momentum correspond, respectively, to p+ and
π− cloud surrounding it. This leads to the correspondence between a bipolar jet and a
lepton pair emitted in decay of π−. Altogether, the activity of galactic nuclei involving
angular momentum transfer is seen as though visual projection of the β-decay. In par-
ticular, the lepton – jet correspondence conforming to the foregoing conjecture seems
to signify that the structure in the infinitesimal space and outer space are described
by common geometry.—This intuition is original motivation of the present study.
The crucial matter, that the divergence difficulty in QED can be successfully re-
moved by the conventional renormalization, implies latency of a fundamental operation
related to transition to the infinitesimal space. If nature is essentially inventive, geom-
etry of the space should be able to provide, in a self-consistent manner, the physical
meaning of charge renormalization, which has been obscure [13]. Meanwhile, polariza-
tion picture of QED vacuum itself suggests that one could by no means reach generation
principle of the observed charge e within the theoretical framework that postulates vac-
uum dielectric (and magnetic) permittivity ε0 (µ0) to be constant. This originates from
the logical structure of gauge symmetry based on causality, such that in space-time con-
cept, existence of the photon, which has the speed of c := 1/
√
ε0µ0, results necessarily
from charge conservation. By taking a hint from this impasse per se, an attempt might
be made to find out a form of the concerned operation. We here anticipate slight
vestige of that form in the macroscopic dielectric distribution such that phase velocity
of light deviates from c. When contrasted with the magnetohydrodynamical analog of
the spin generation, the guideline is obtained in which one should also have an insight
into collective phenomena of plasma as dielectric medium, particularly, dispersion of
light propagating through the plasma.
Of course, it is impossible from plasma physics to literally derive the concerned
mechanics that assigns ”point” the intrinsic attributes. However, when specific de-
scription of plasmas as the magnetic fluid and dielectric is appropriately generalized
to be sublimated into an abstracted form, we may have a fortuitous chance to access
to a unified generation principle of ~ and e. Should the theory built up gives a basic
framework of space-time and vacuum, it would encompass generation mechanism of
the fine-structure constant including c [14], α := e2/4π~c, and its relation to the other
interactions. Laws of the infinitesimal space must reproduce observable phenomena
in the infinite limit. Thus, a priority task is to write out the operation of spatial
transformation, responsible for the reproducibility.
In the present paper, by virtue of this new approach I explore the geometrical
structure of point-like particles including the electron, without beginning with a mod-
eled ingredient having its own scale scarcely measurable. Making reference to plasma
dielectric dispersion theory, I propose a convenient form of the warp transformation
that describes transition to the space expanded in the infinitesimal region, thereby,
manifesting the meaning of ”point-like” in particle physics. I show that the space is
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the cylindrical one, which is, in association with symmetry breaking, spanned by a
unific rotational field equivalent to the called Gromeka-Beltrami flow (e.g., Ref. [15]).
The field obeys the rotational eigenvalue equation, which is found to describe gen-
eration of angular momentum space orthogonal to coordinate space. We figure out
that spin precession of charged leptons is appearance of the generation mechanism of
time as one degree of freedom, which owes to complementation of those isotopic spaces
under the rotation. A radical process is revealed through which quantities correspond-
ing to the observed charge e and g-factor including radiative corrections [16] come
out. The determination of α involves a left-handed rotational eigenmode, which meets
the fact, that the leptons that take part in the current weak interaction are only of
the left-handedness [17]. This eigenmode regulates helical structure of the rotational
field. The geometry is equivalent to that to describe the helical structure of a relaxed
plasma, whereby we will reconfirm significance as to the lepton – astrophysical jet cor-
respondence. I show up this theory qualifies as the principle one of forces and matters,
exhibiting its compatibility with the standard model.
This paper is organized as follows: §2 is devoted to a preparation for operationally
expanding the discussions. By investigating spatial distribution of photon states in
the dielectric medium (§2.1), we arrange a rule of wavenumber transformation of light
(§2.2). Taking the abstracted form into account, made is the spatial transformation for
transition to the infinitesimal space (§2.3). In §3, we turn to quark-antiquark potential
inside and outside mesons for revealing a signature of cylindrical space expanded in the
infinitesimal region. By availing complex analysis, I give a reason for quark confinement
(§3.1), and reconstruct nuclear potential [18] (§3.2), so as to verify a proposed form
of the spatial transformation. In addition, we consider physical meaning of a factor
involved in the transformation (§3.3). In §4, I provide mathematical description for
the structure in the cylindrical space, which unifies forces and matters in a low energy
region. The rotational eigenvalue equation is proposed which should be satisfied by
vector field spanned in the space (§4.1). The equation is solved as a boundary value
problem, to yield the eigenstate that regulates internal space of lepton pairs (§4.2) in
response to mirror-asymmetry of the helical structure of the vector fields (§4.3). Also,
general property of the eigenmodes is noted (§4.4). In §5, we address major issues
concerning observation of the rotational field in the cylindrical space of one electron.
We see relations of the field with states of the spin and orbital motion (§5.1). From the
rotational eigenvalue equation governing the field, we derive a mathematical symbol
which generates the spin precession (§5.2) and α (§5.3). Then, briefly given is QED in-
terpretation of the charge generation mechanism (§5.4). For the sake of reinforcing the
theory, §6 is added where its consistency with foundation of the standard model [19, 20]
is tested. Introducing a transformation form of cylindrical function that describes tran-
sition from strong to electroweak interaction (§6.1), first, I give an analytical meaning
of appearance of quark charge (§6.2). Next, I examine the compatibility with the con-
ventional vacuum model [21], and explain a notion of imprint of lepton mass (§6.3)
and charge (§6.4) in the electroweak interaction. It is also remarked that the theory
potentially covers gravitational interaction (§6.5). Finally, §7 is devoted to summary
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and conclusion.
2 Construction of spatial transformation based on
plasma analogy
For mass state of photons in plasma, we see how the wavenumber transforms between
two adjacent regions with different plasma densities. The transformation is arranged
in a form associated with elementary excitation of particles. The abstracted form is
incorporated in spatial transformation involved in potential transformation.
2.1 Brief review of dielectric dispersion theory
We consider a discharged gas distributing in vacuum, namely, plasma, which comprises
freely moving electrons and the charge compensating ions. Light propagating through
it induces currents carried mainly by electrons having the small inertia, whereupon this
effect is fed back to the light. The interaction results in giving rise to optical dispersion.
When describing this phenomenon theoretically, one begins with electromagnetic field
equation in vacuum [22], taking the free currents into account. For simplicity, provided
the background ions are immovable, the current formation is considered which involves
a simple harmonic oscillation of the nonrelativistic electrons that experience a single
force −eE, where E is the self-consistent electric field. Within the framework of this
model, one has the following type of governing equation for transverse electromagnetic
fields F :{E,B} [23]: (
∂2/∂t2 − c2∆)F = −(ne2/me)F, (1)
where t is time on the ion rest frame, ∆ = ∇2, and n andme are the plasma density and
the electron rest mass, respectively. When supposing the plasma and plane wave to be
infinitely pervading the vacuum, Eq. (1) immediately leads to the dispersion relation
of the electromagnetic wave having the angular frequency ω and wavenumber k:
ω2 = c2k2 + ω2p, (2)
where ωp is the plasma frequency that satisfies ω
2
p = ne
2/me [24]. The appearance of ωp
signifies that dielectric response of the plasma is collective. For Eq. (2), the refractive
index is given by ck/ω =
√
1− (ω2p/ω2), where k = |k|.
On both sides of Eq. (2), we multiply square of ~ essential for wave-particle duality,
and introduce E = ~ω and p = ~k, respectively, as energy and momentum eigenvalue
of the light quantum. Then, the relativistic relation comes out, to give [25]
E2 = c2p2 +m2c4, (3)
where m is defined by
m = ~ωp/c
2, (4)
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so that it has dimension of mass. This suggests that the photons behave as if they
have the mass, as similarly seen in superconductors. It is claimed that the optical
dispersion model describing the basic, collective phenomenon of plasma exhibits affinity
for both quantum mechanics and relativity, even though excluding these effects on
plasma particles.
It should be noted that real position vector R of the harmonic oscillator, which
assigns the photons m, is parallel to E (resp. orthogonal to magnetic field B), on
account of R = (e/ks)E (resp. ⊥ B), where ks = meω2 is equivalent to the spring
constant. This means, when regarding ks/e as an arbitrary constant Λ such that Λ→ 0
reflects E (= ~ω)→ 0, Eq. (1) with the following replacement results in describing the
coordinate wave that traces position of the electrons:
E −→ ΛR, B −→ iΛR, (5)
where i =
√−1. Equation (5) seems to expose a hidden projective form relating virtual
photons to rotational coordinate, in accordant with the intuitive image of spinning
electron. Besides, a view of the coordinate wave is reminiscent of general coordinate
transformation of space-time [26]. These stuffs imply that the electron will be with
a symmetry between photon and graviton, characterized by c, thereby, including the
origin of α (cf., also Ref. [27]).
2.2 Wavenumber transformation of light
2.2.1 Elementary excitation representation of propagative photon with
mass
The nonuniformity of plasma is taken into consideration, which varies phase velocity
of the light. For instance, as shown in Fig. 1(a), we set two distinct regions: the high
density region I specified by the plasma frequency of ωp1 and the low density region II by
that of ωp (< ωp1) such that on an infinite boundary surface, these come in contact with
one another. A monochromatic light with ω (> ωp1) propagating through the region I
in the direction normal to the contact surface is transmitted to the region II across the
surface. Provided ω is unchanged in the entire process, the dispersion relations in the
region I and II can be written as ω2 = c2k2 + ω2p1 and ω
2 = c2k22 + ω
2
p, respectively. By
combining them, we obtain, for positive real wavenumber transformation of k → k2,
the factorized representation of k2:
k2 =
√(
k2 +
ω2p1
c2
)(
1− ω
2
p
ω2
)
. (6)
Note that the second factor of the right-hand side (RHS) is just the refractive index:
n˜ = ck2/ω in the region II.
Here, the situation is supposed in which keeping the ratio of ωp/ω a constant, ω ↓ ωp1
is taken to give k → 0. Introducing the definitions of µ = k2|k=0, µ¯ =
√
ω2p1/c
2 + k2
∣∣
k=0
,
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Figure 1: Schematics of the wavenumber transformation k → k2, which comes about
when light (solid curves) propagates from plasma region I to II across the boundary
(dashed lines): a surface of discontinuity of the density n (solid lines). Assuming
angular frequency of the light, ω, to be invariant for the transformation, shown are
the cases of ωp < ωp1 < ω (a) and ωp1 < ω < ωp (b), where ωp1 and ωp stand for the
plasma frequency of the region I and II, respectively.
and δ = ω2p/ω
2
∣∣
ω=ωp1
, the wavenumber transformation can be expressed as
k (= 0) −→ µ = µ¯√1− δ. (7)
Equation (7) can be regarded as representing creation of a propagative photon having
the mass of m = ~µ¯/c. Particularly, in the case for which δ ≪ 1, the phase velocity
in the region II, c/n˜, is approximately given by c (1 + δ/2), so that it indicates small
deviation from c. This is of the property desired in terms of a clue to the spatial
transformation. Expected is the relation of Eq. (7) with the lowest energy excitation
of real particles.
2.2.2 Elementary excitation representation of non-propagative photon with
mass
The density profile is inverted with respect to the propagation direction of the light. As
shown in Fig. 1(b), we configure the low density region I with the plasma frequency of
ωp1 and the high density region II with ωp (> ωp1) such that an infinite contact surface
separates them. A light with ω (> ωp1) propagating through the region I normally
incidents on the surface to be transmitted to the region II. Here, the situation is
considered in which the transmitted light decays because of ω < ωp. For the dispersion
relations same as given above, we obtain, for k → k2, the following representation of
k2:
k2 = −iωp
c
√
1− ω
2
ω2p
, (8)
making the negative sign have the physical meaning that a damping solution has been
chosen. Again keeping the ratio of ω/ωp, ωp1 ↑ ω is taken to give k → 0, and then, the
7
wavenumber transformation can be expressed as
k (= 0) −→ µ = −iµ¯∗
√
1− δ, (9)
where µ¯∗ = ωp/c, δ = ω2/ω2p
∣∣
ω=ωp1
, and m∗ = ~µ¯∗/c, which signifies the mass of
non-propagative photon. Expected is the relation of Eq. (9) with the lowest energy
excitation of virtual particles.
2.3 The application to spatial transformation
The wavenumber transformation of the photon having the mass is coupled with co-
ordinate of the propagation direction, to generate phase transformation of the plane
wave between the spatial region I and II. In reference to this specific example, we
are tempted to straightforwardly make out transformation between an internal space
of particles and the R3 real space from which observer looks into it. In inseparable
relation of the observation with coordinates, we focus on the fact that, detecting one
particle owes to presence of interaction potential expanded, by the particle itself, in
R3. We provide a generic form of static, three-dimensional isotropic potential, V (ξ′),
centered at coordinate origin (X, Y, Z) = (0, 0, 0) in the flat R3. Here, as a definition
of the dimensionless variable, given is ξ′ = µ|R| = µR ∈ (0,+∞). For an equipoten-
tial surface of R =
√
X2 + Y 2 + Z2 = ξ′/µ, equation of circle having the dimensional
radius R on the equatorial plane Z = 0 is given by
X2 + Y 2 = ξ′2/µ2. (10)
This locus is described by the blowup that includes another dimensionless parameter
θ′:
X˜ = µR cos θ′ = ξ′ cos θ′, Y˜ = µR sin θ′ = ξ′ sin θ′. (11)
Use of these variables (X˜, Y˜ ) leads Eq. (10) readily to the dimensionless equation of
X˜2 + Y˜ 2 = ξ′2. (12)
For V (R), we set a domain of definition in the region of R 6= 0. Introducing the
minimum allowable Euclidean radius of the equipotential sphere ǫ, supposed is that in
the domain of R ≥ ǫ, µR indicates a well-defined real value of ξ′. This means that
as long as R ≥ ǫ is satisfied, the indeterminate form of µR for R → 0 and µ → ∞
is merely of the apparent one. On the other hand, in the domain of R < ǫ where the
indetermination led by R → 0 essentially sets in, we require discontinuous transition
from Eq. (12) to
X˜2 + Y˜ 2 = 0, (13)
as a plausible expression of null radius, daringly for |X˜| 9 0 and |Y˜ | 9 0. Although
this appears to be in contradiction with the classical Pythagorean theorem, there is a
physical reasoning by which to escape from this dilemma:
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We reconsider a non-propagative photon characterized by the real mass m∗ ( 6= 0),
the real energy E (< m∗c2), and the imaginary momentum pi. We then make the
null vector transition from the virtual particle state having a real p∗ that satisfies
(p∗)2 = −p2i , into massless state:
(E/c)2 + (p∗)2 = (m∗c)2 −→ (E/c)2 + (p∗)2 = 0. (14)
This is made to correspond to Eq. (12)→(13). The transition of Eq. (14) with E/c 9
0 and p∗ 9 0 actually allows for replacement such as E/c → p and p∗ → ip =
q, with p being a real three-dimensional vector. The massless particle having the
momentum p whose magnitude indicates E/c, and transverse polarization e± in q, is
definitely an entity observed as photon in vacuum. Hence, Eq. (14) accommodated by
the replacement is a physically possible process as spatial transfer from the medium to
the vacuum.
The singular region characterized by Eq. (13) is referred to as infinitesimal region. In
correspondence to what observer can never jump on internal coordinate of the massless
photon, R3 spanned by V (R) cannot exist in the infinitesimal region, because of the
definition. Nevertheless, in analog of the replacement by which to access to (p, e±) as an
eigenstate of the photon, it will be allowed to construct a sort of spatial transformation
to access to internal coordinate inherent to particles. That is, we can admit that for
Eq. (12)→(13), the following replacement invoking a basis vector xˆ holds:
X˜ ∼ cos θ′ −→ xˆ, Y˜ ∼ sin θ′ −→ ixˆ. (15)
When introducing the orthogonal basis vector yˆ that satisfies yˆ = ixˆ, we obtain Y˜ → yˆ.
As is, it turns out that Eq. (15) prompts a leap from the real XY -plane to Wessel-
Argand-Gauß plane, the so-called complex plane, settling xˆ and yˆ as the axes. This
plane exists in r3 × r3 host space as a null complex three-dimensional space subject
to xˆ + iyˆ = 0, sustaining orthogonality of the two r3-real spaces. On the plane we
set ζ = x˜ + iy˜ with x˜ and y˜ real, to give (x˜, y˜) = (ξ cos θ, ξ sin θ) along Eq. (11).
It is a matter of finding a linear transformation of (θ′, ξ′) → (θ, ξ) responsible for
(X˜, Y˜ )→ (x˜, y˜), such as θ′/g0 → θ and ξ′/g0 → ξ with g0 = 2, in consideration of the
multiplicity of r3 and circumference continuity at R = ǫ. Putting ξ = kr ∈ (0,∞) for
ζ ∈ C∗ ⊆ {z˜ ∈ C | z˜ 6= 0}, ξ′ → g0ξ is cast to the expression of
µR (=∞ · 0) −→ g0kr. (16)
Here, the left-hand side (LHS) including the round bracket represents that for R →
0 and µ → ∞, µR is in essentially indeterminate region, manifesting extension of
the number system R∗ := {ξ′,−ξ′}. Equations (15) and (16) can be understood as
a feasible form of transformation from R3 to the infinitesimal r3 × r3 space, along
R∗∪{±∞} ⊃ {±ξ′∞ } = {0} → C∗ or R∗∪{±0} ⊃ {0} → C∗, to be involved in potential
transformation of V (ξ′)→ η(ξ).
Let us now consider the inverse transition: r3× r3 → R3 in order to get a potential
transformation of which the output is V (ξ′). For the inverse of Eq. (15), we read the
9
following replacement, invoking a basis vector Xˆ:
x˜ ∼ cos θ −→ Xˆ, iy˜ ∼ i sin θ −→ −Xˆ. (17)
As the inverse transformation of Eq. (16) in which Eq. (17) is involved, a possible form
is
kr (= 0 · ∞) −→ g−10 µR. (18)
Here, the LHS including the round bracket represents that for k → 0 and r → ∞, kr
is in essentially indeterminate region, manifesting extension of C∗. Equations (17) and
(18) suggest that in the infinite distance of r3, exists R3, along C∗ ∪ {0} ⊃ { ξ±0} =
{±∞} → R∗ or C∗ ∪ {∞} ⊃ {±∞} → R∗. The limit of k → 0, cooperating with
r →∞, may be interpreted as a projection linked to the foregoing setting of Z = 0 in
R3. As the projection, feasible is that of cylindrical function onto the base as we will
see later.
Apparently, Eq. (18) is of a form that enables us to make k (= 0) and µ correspond
to those in Eqs. (7) and (9), and r = ∞ to a bulk condition for the plane wave to
have the diverging wavelength. Therefore, also for µ concerned here, the same form
of factorization is provided which consists of µ¯, µ¯∗, and dimensionless parameter δ
(typically ≪ 1), though these are at the moment to be regarded as the abstracted
symbols. Here, we pay attention to what in Eq. (7) k = 0 was required for fixing µ¯,
whereas in Eq. (9) µ¯∗ was free of k. Besides, since δ therein could be handled as a
constant inherent to the dispersible media, the corresponding symbolic parameter as
well is supposed a constant inherent to elementary excitation. Taking all this into
consideration, we put forth, as a hypothesis, the r3 × r3 → R3 transformation related
to V (R) generation reflecting the lowest energy excitation of real and virtual particle,
respectively, as represented in the form of
kr
[
= 0(′) · ∞] −→ g−1µ¯R∗, (19a)
kr
[
= 0 · ∞(′)] −→ g−1 (−iµ¯∗)R∗ = g−1µ¯∗R, (19b)
where definition of the reciprocal of the transformation factor g is given by
g−1 = g−10
√
1− δ. (20)
The primes in Eqs. (19a) and (19b) denote that k → 0 and r →∞ take the lead in the
essential indetermination along C∗ ∪ {0} and C∗ ∪ {∞}, respectively. When regarding
µ¯ and µ¯∗ after the transformations as µ¯(m) and µ¯∗(m∗), respectively, m and m∗ could
be interpreted as observable mass of real and virtual particle, respectively.
Following the indeterminate expressions of Eq. (19), the LHS of Eq. (16) should
be rewritten as µR
[
=∞ · 0(′)]. The argument would virtually postulate the smaller
mass of µ ≪ ℓ−1P , viz., RS ≪∼ ℓP, where ℓP and RS denote the Planck length and
Schwarzschild radius [28], respectively. On the other hand, for µ ≫ ℓ−1P , a sin-
gularity could arise such that it is represented by another form of indetermination:
µR
[
=∞(′) · 0] designating the lead of µ→∞. This realm might be responsible for a
black hole expanding far-field, Newtonian potential in ξ′ = µR≫ 1.
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3 Cylindrical space as an infinitesimal space
Prior to application of the spatial transformation to point-like leptons, its feasibility is
confirmed by the direct use for reproduction of familiar phenomenological potentials.
At the same time, it is revealed that cylindrical space expands in the infinitesimal
region. We discuss physical meaning of the transformation factor involving δ.
3.1 Complex analytical consideration of quark-antiquark po-
tential
It is speculated that structure of leptons would contain a vestige of the mechanism
whereby they are created. At the outset, we recall the decay reaction of π−-meson:
π− −→
{
µ− + ν¯µ,
e− + ν¯e,
(21)
which has been compared to the galactic nuclear activity. Combining the second equa-
tion with n0 −→ p+ + π− leads to n0 −→ p+ + e− + ν¯e, i.e., the expression of the
β−-decay that emits electron and electron antineutrino. Within the framework of the
quark model [20], the elementary process can be expressed as νe + d −→ e− + u. For
convenience, here, we note quark and antiquark as q and q¯, respectively, and lepton
and antilepton as ℓ and ℓ¯, respectively, to give the somewhat generic expression:
qL + (q¯)R −→ ℓL + (ℓ¯)R, (22)
where the subscripts L and R denote the left- and right-handed state, respectively.
We aim at associating k → 0 followed by Eq. (19), with elementary excitation of
quarks. For the moment, this is intended for a qq¯ pair whose motion is nonrelativistic
so that |P| → 0 (retaining |P| 6= 0), though practically the limit is supposed, for
heavier mesons, a good approximation. We call a basic form of the qq¯ potential that
has been confirmed for the relevant mesons: the so-called Cornell potential of
V (R) = C1R− C−1R−1, (23)
with C1 and C−1 real constants [29]. A special attention is paid to the fact that this
type of function mathematically satisfies the ordinary differential equation of(
d2
dR2
+
1
R
d
dR
− 1
R2
)
V (R) = 0. (24)
Let us see the large bracket of Eq. (24) as an operator that works for V (R). Then, it
seems as if exposing a part of the Laplacian for cylindrical coordinate system. On the
other hand, the equipotential surface of V (R) is, in fact, not cylindrical. Therefore,
the cylindrical system is, if any, an entity that ought to be distinguished from R3.
At this juncture, we virtually introduce an r3 real space to configure the cylindrical
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system. Thereupon, we presume the harmonic function φ(r) spanned in the space,
which satisfies the Laplace equation: ∆φ(r, θ, z) = 0. Concerning the solution of the
form of φ = η(r)ei(mθ−kz), we look at the following equation for η:(
d2
dr2
+
1
r
d
dr
− m
2
r2
− k2
)
η(r) = 0. (25)
For the large bracket set to |m| = 1, taking k → 0 compared to |P| → 0, and simulta-
neously carrying out the replacement of r → R, bring about the operator of Eq. (24).
Evidently, this procedure entails the function transformation of η(r) → V (R). Note
here that k 6= 0 is necessary for ensuring r3 6= R3.
In Eq. (25) divided by k2, we put ξ = kr ∈ (0,∞). In the general case for which m is
an integer, two linearly independent solutions to this equation are the modified Bessel
functions of order m, denoted as Im(ξ) and Km(ξ) [in the case of m 6= integer, Im(ξ)
and I−m(ξ)] 1. Hence, I±1(ξ) and K±1(ξ) are in on the current issue. Moreover, their
asymptotic forms for the small ξ, in which k → 0 takes the lead, should be considered.
Then, k → 0 signifies a projection onto cylindrical base as expected before. The scalar
function φ as linear combination of the asymptotic forms, φ(k → 0), constitutes a
complex function, which is denoted by w = f(ζ). Here, ζ = ξeiθ and (ξ cos θ, ξ sin θ) =
(x˜, y˜), along the notation given in §2.3.
Letting u(ξ, θ) and v(ξ, θ) be real functions, we reasonably postulate the complex
function of w = u + iv to be analytic. Then, u and v satisfy the Cauchy-Riemann
equation of
∂u/∂ξ = ξ−1∂v/∂θ, ξ−1∂u/∂θ = −∂v/∂ξ, (26)
to be the harmonic conjugates on the x˜y˜-plane. The function w = φ(k → 0) that
satisfies Eq. (26) can be written as
lim
k→0
[
c1I1(ξ)e
i(θ−kz) − c−1K−1(ξ)ei(−θ−kz)
]
, (27)
where c1 and c−1 are constants. It is found that r3×r3 spaces are required for spanning
the two modes of m = ±1, to be intertwined via the complex plane. Incidentally,
K1 (= K−1) and I−1 (= I1) are called later. One can check that the expressions of
u =
(
c1
2
ξ − c−1 1
ξ
)
cos θ, v =
(
c1
2
ξ + c−1
1
ξ
)
sin θ, (28)
derived from Eq. (27), satisfy Eq. (26). We represent the variable ξ, which has a non-
zero but small value due principally to k → 0, as kr [= 0(′) · ∞], letting the prime have
the same meaning as that in Eq. (19a).
Of importance is to clarify a domain of ξ allowed for Eq. (28), that is, an upper
limit of ξ by which r → ∞ is well constrained. The complex function f(ζ) provides
the following form of linear map from the coordinate plane ζ to w:
w = (c1/2) ζ − c−1ζ−1. (29)
1Throughout this paper, notation of special functions conforms to Ref. [30].
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With respect to magnitude of |ζ | = ξ = kr, the transformation f : (x˜, y˜) → (u, v)
involves a critical value of k˜ = ka =
√
2c−1/c1 corresponding to r = a. For the
coordinate transformation to be bijective conformal map, ξ < k˜ must be satisfied, so
that one can regard k˜ as the upper limit of ξ. In particular, circular rotation on ξ = k˜
is, in the case of c1c−1 > 0, transformed to oscillation on line segment of imaginary
axis connecting (u, v) = (0,−√2c1c−1 i) to (0,
√
2c1c−1 i) on the w-plane. On the other
hand, in the case of c1c−1 < 0 (including the Joukowski transformation for c1 = 2,
c−1 = −1 as a special case), circular rotation on ξ =
√−2c−1/c1 is transformed to
oscillation on line segment of real axis connecting (−√−2c1c−1, 0) to (
√−2c1c−1, 0).
In other words, two-valuedness arises on the real axis of the w-plane. It turns out that
such a finite domain prohibited for real u does not appear in the former case; therein
we can set C∗ to as {ζ | 0 < ξ ≤ k˜}.
In the case for which c1c−1 > 0, the real function of u = ℜ(w) = ℜ [φ (k → 0)] for
ξ ≤ k˜ could appear as Eq. (23). It is natural to identify the concerned r3 cylindrical
space with the r3 space that has been introduced in §2.3. In the transformation of
r3 × r3 → R3 for generation of V (R), the lead by k → 0 and C∗ ∪ {0} should be
involved. According to Eq. (17), u in Eq. (28) could be rewritten as η(ξ)Xˆ, where
η stands for a real amplitude of the intertwined modes. Now, the transformation is
applied to η(ξ), of which the type is the same as Eq. (19a):
ξ := kr
[
= 0(′) · ∞] −→ g−1µ¯R∗. (30)
The function of R∗ generated is then found to show the form of Eq. (23). It appears
that R∗ with the asterisk indicates the coordinate of the closed R3-space confining
colors. It is remarked that |m| = 1 would be responsible for magnitude of spin of
gauge bosons mediating the strong force.
3.2 Reconstruction of the Yukawa potential
If one prohibits the two-valuedness on the w-plane, ξ cannot exceed k˜, as long as k → 0
takes the lead. This we could recognize physically as principle of quark confinement.
In order to move to a region of larger ξ, we shall prepare φ (r →∞) owing to the lead
of r →∞, instead of Eq. (27), i.e.,
lim
r→∞
[
c1I1(ξ)e
i(θ−kz) − c−1K−1(ξ)ei(−θ−kz)
]
. (31)
In contrast to the indeterminate form denoted in §3.1, given herein is ξ := kr [= 0 · ∞(′)].
This manifests that k → 0 is taken to the extent that the large ξ is well maintained.
In that region, Eq. (31) leads to
c1e
ξ − πc−1e−ξ√
2πξ
cos θ + i
c1e
ξ + πc−1e−ξ√
2πξ
sin θ. (32)
When postulating the relation of c−1/c1 = 1/π corresponding to k˜2/2, Eq. (32) can be
cast to the linear combination form for m 6= integer:
c1
[
I1/2(ξ) cos θ + iI−1/2(ξ) sin θ
]
. (33)
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This suggests that the system spanning φ (r →∞) could be accommodated by θ →
θ′/g0. As is, we again apply Eq. (17) to (33), in terms of C∗ ∪ {∞}, where C∗ = {ζ |
k˜ < ξ < ∞}. The resulting quantity is written as η(ξ)Xˆ as before, and then, the
function η is given by
η(ξ) =
2
π
c0K±1/2(ξ) = c0
√
2
πξ
e−ξ, (34)
where c1 → −c0 has been taken into account. We interpret η as an amplitude reflected
in virtual displacement along Xˆ. Then, η2 is associated with potential energy of internal
harmonic oscillation. The spatial transformation is applied to it, of which the type is
the same as Eq. (19b). This results in yielding the energy transformation of
η2(ξ) −→ V (R) = G2 e
−µ¯∗√1−δ R
R
, (35)
where G2 (= const.) ∼ c20/
(
µ¯∗
√
1− δ).
According to the asymptotic property of K±1(kr)
r→∞−−−→ K±1/2(kr), the product
η2 ∼ c20K−1/2K1/2 can be understood as far-field interference between K−1 and its
counterpart K1. Actually, formation and interference of the equivalent fields can be
seen in organization of vortices as two-dimensional structure of plasma turbulence [31]
and interaction of the vortices [32]. The attractive force representation of V (R) can
be obtained by setting c0 to imaginary as is orthogonal to c1. The resulting func-
tion exposes a form of the coupling potential for nuclei [18]. Accordingly, it will be
appropriate to make the harmonic oscillator correspond to π-meson having spin 0.
The thing that inertia of the constituent quarks is so small as to degrade nonrel-
ativistic approximation for the motion, is thought of as reflecting the constraint on
k → 0, contrast to the previous constraint on r → ∞. Relating to this, ξ & O(1) can
be reflected in the R3 region for which the Yukawa potential is allowed: R & 1/µ¯∗.
What k = 0 is, in any case, prohibited in the system subject to Eq. (25) suggests that
quarks could never be in rest state.
3.3 Physical meaning of the transformation factor g
The function of Ψ(R) = −V (R)/ (4πG) is a solution of the following equation:[
1
R2
d
dR
(
R2
d
dR
)
− (µ¯∗)2 (1− δ)
]
Ψ(R) = Gδ(R), (36)
where δ(R) in the RHS is the Dirac delta function. Equation (36) is no more than the
next equation a spherically symmetric solution of Ψ(R) obeys:[
∆− (µ∗)2]Ψ(R) = Gδ(R). (37)
Here, the definition of real parameter, µ∗ = µ¯∗
√
1− δ, has been introduced. Noted is
that, when using this, the transformation corresponding to Eq. (9) can be expressed
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as k (= 0) → −iµ∗. Since Gδ(R) physically stands for a steady source, Ψ can be
interpreted as a steady-state solution of wave from the source at R3 origin.
We contemplate the regular region of R 6= 0 in which the RHS of Eq. (37) vanishes.
The homogeneous equation is compared with the Klein-Gordon equation for E2 =
c2P2 + m2πc
4, where mπ is the pion mass we observe in our laboratory. Making µ¯
∗
correspond to mπc/~, then, we obtain the correspondence of
δ ←→ [E/(mπc2)]2 , (38)
in harmony with δ = ω2/ω2p
∣∣
ω=ωp1
of Eq. (9). According to Eq. (38), Ψ describing the
steady state of ∂t = 0 might appear to be obtained by putting µ
∗(δ = 0) in Eq. (37).
Meanwhile, E 9 0 meets zero-point energy. In the plasma analog of §2.2.2, this
corresponds to the situation in which photon energy matches an oscillation energy
inherent to background medium: ω = ωp1. In this aspect, we consider a special case
such that small total energy E is associated with an expectation value for no bosons.
In the corresponding case for which δ (= const.) ∼ 0 is set, an observable field must be
constructed. Phenomenologically, the total energy is compared to a change of nuclear
rest energy in the emission of π-meson [3], to be estimated as E ∼ 1MeV by number.
Taking mπ ≃ 140MeV/c2 into account, we thus evaluate δ . 10−4. For such a small δ,
we obtain µ¯∗ ∼= µ∗ (1 + δ/2), or mπ ∼= mth (1 + δ/2), when introducing µ∗ ↔ mthc/~.
Then, Ψ could be regarded as a field of boson having the theoretical mass (or, bare
mass) of mth.
On the other hand, the steady Klein-Gordon equation one often quotes is given
by
[
∆− (µ¯∗)2]Ψπ(R) = 1πNδ(R), where Ψπ as a solution of this equation is the
field of π-meson having the mass of mπ, and 1πN denotes the coupling strength be-
tween π-meson and nucleus. Energy of the Yukawa potential is expressed as 1πNΨπ =
(12πN/4π)
(
e−µ¯
∗R/R
)
. The point is to reproduce the exponential factor for δ 6= 0. To
accomplish this, regarding the internal quantity η2 equal to ηg0 as ηg|δ=0, we devise ηg,
which yields the δ-independent exponential argument. The modified transformation
can be expressed as
ηg(ξ) −→ G¯2 e
−µ¯∗R
R
, (39)
where G¯ is almost constant for the approximation of δ ∼ 0, and we have the corre-
spondence of 12πN/4π ↔ G¯2. Importantly, Eq. (39) signifies the process that exposes
the internal functions having |m| = 1/2 to R3 space.
In general, δ in Eq. (20) is thought of as symbolizing discreet appearance of time
incidental to R3 space. From Eq. (38), it can be understood that, in the lowest energy
excitation of the Yukawa-type boson, δ . (10−2)2 is reflected in a quite small ∂2t . In
parallel with this, when considering excitation of charged leptons, we anticipate δ is
reflected in ∂t, δ . 10
−2, and its correspondence to energy of virtual photon (these are
validated later). For the factor g that consists of δ (≪ 1) unfixed at the moment and
the common principal factor g0 = 2, we prepare the expression of
g = g0 (1 + δg) , (40)
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where δg = (1− δ)−1/2 − 1 = δ/2 + 3δ2/8 + · · · . Later use is made of Eq. (40), when a
cylindrical function associated with leptons is raised to the power of g in the form of
Eq. (39).
4 Rotational field in the cylindrical space
On the basis of the preliminary study, an equation of rotational field is proposed
which describes the ℓℓ¯-pair created in the β-decay. Providing a cylindrical boundary
condition, we find the possible eigenstates and eigenvalues. We reveal asymmetry of the
eigenmode, and argue the relation with left-handed selectivity in the charged current
weak interaction.
4.1 Equation of the rotational field
Equation for the function η(kr), which generates the potential of strong force inside and
outside meson, is (k−2∇2⊥ − 1)m η = 0 for |m| = 1 and 1/2, respectively. This means
that separation of qq¯ pair, accompanied by creation of the meson, can be understood
as the system transformation involving |m| = 1 → 1/2. Now, we consider in the
cylindrical space the transformation of k responsible for the q − q¯ scattering process
given by Eq. (22). The internal k-transformation is to have the form of k → −iµ∗
(cf. §3.3). Such a scattering-like transformation is applied to η ∼ I±1(kr) potentially
coexisting with the internal function that generates Ψ(R) in the detectable region of
r → ∞. Then, we have I±1(kr) → ∓iJ±1(µ∗r) (the double signs correspond). As a
matter of course, the equation that η(µ∗r) obeys is
[
(µ∗)−2∇2⊥ + 1
]
m=±1 η = 0, where
µ∗ 6= 0. Although µ∗ herein corresponds to that in Eq. (37), we should distinguish them,
because the former is of the quantity coupled with the internal coordinate, albeit being
detectable. The function η is included in the scalar function φ′ = η(µ∗r)ei(±θ−kz), which
is of solution of the following equation in the cylindrical system:[
∆+ k2 + (µ∗)2
]
m=±1 φ
′(r, θ, z) = 0. (41)
Here, k is newly introduced of which the value can be taken arbitrarily. In particular,
for k = 0 permitted here, φ′ represents single-valued amplitude of vibrations of a
circular membrane on z-constant slices. In the current context, regarding η2(µ∗r) as
the internal potential that works for ℓℓ¯ pair, it is appropriate to interpret φ′ as scalar
field of another virtual boson, namely, the weak. And, we envisage that µ∗ and |m| = 1
are reflected in the mass and magnitude of the spin, respectively. The comprehensive
description including transition of gauge fields is given in §6. For the moment, we focus
on making out an internal transformation reflected in the particle change of Eq. (21).
Since the ℓℓ¯ pair is observed as matter particles separated from one another, the
system transformation |m| = 1→ 1/2 is applied to Eq. (41). Then, the equation of φ′
describing the ℓℓ¯ pair is given by(
∆+ κ2
)
m=±1/2 φ
′ = 0, (42a)
16
κ2 = k2 + µ2, (42b)
with k arbitrary and µ 6= 0. Natural is to suppose that |m| = 1/2 is reflected in
magnitude of spin of ℓ and ℓ¯. This is based on what φ′ exhibits two-valuedness for
|k| = k = 0. On the other hand, the field spanned in the most fundamental real space
ought to be a single-valued function. A necessary condition for this demand is k 6= 0
to sustain the three-dimensional structure of φ′. The former k = 0 is compared to rest
state of ℓ and ℓ¯, whereas the latter k 6= 0 to a moving state of them. In addition, in
the transformation from Eq. (41) to (42), involved is the following replacement on the
cylindrical base:
µ∗ −→ µ. (43)
This signifies mass change in a process through which the virtual gauge boson couples
with the leptons.
The appearance of φ′ having the finite k without the restriction of k → 0 is indicative
of the onset of spatial direction k/k = zˆ, which could be associated with spontaneous
symmetry breaking. In this aspect, we introduce the following vector field related to
the scalar field:
Φ(r) = µ−2 [∇×∇× (φ′zˆ) + κ∇× (φ′zˆ)] . (44)
When postulating ∇· (φ′zˆ) = 0, Φ is found to be a Gromeka-Beltrami vector field that
satisfies the equation of
∇×Φ = κΦ, (45)
or (∇ × Φ) × Φ = 0 [33]. It should be pointed out that reducing the second-order
differential Eq. (42) to the first-order Eq. (45) can be compared to factorization of
the Klein-Gordon equation [34]. Equation (45) can be recognized as the rotational
eigenvalue equation in r3 space, so that Φ is referred to as rotational field. It follows
that, in Eq. (42), φ′ reflects eigenstates of the rotational field, and at the same time,
κ(k, µ) indicates the corresponding eigenvalues. An analogy to generation of Φ can be
found in transition of the turbulent state of plasma that has been referred in §3.2 (e.g.,
see Ref. [8]). There is a consensus that, when the plasma attains an energy relaxed state
conserving the magnetic helicity, the magnetic field self-organized macroscopically in
R3 space would take a configuration such that the vector field B satisfies an equation
of the same form as Eq. (45) [7].
In the generic case for which m is arbitrary, Φ is written out below. For Eq. (42),
the solution concerned is φ′ = φmJm(µr)ei(mθ−kz), where φm is constant. Substituting
this into Eq. (44), one can obtain a possible expression of Φ = (Φr,Φθ,Φz), where
Φr = i
φm
µ
[
mκ
µr
Jm(µr)− kdJm(µr)
d (µr)
]
ei(mθ−kz)
Φθ =
φm
µ
[
mk
µr
Jm(µr)− κdJm(µr)
d (µr)
]
ei(mθ−kz)
Φz = φmJm(µr)e
i(mθ−kz)


, (46)
and µr ∈ (0,∞). Note the relation of Φz = φ′, i.e., Φ contains φ′ of Eq. (42a).
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4.2 Eigenstates and eigenvalues of the rotational field
The helical pattern of Φ indicating rotational and translational symmetry is charac-
terized by m as a modal number, and k. These can be simultaneously reflected in
spin state inherent to particles and their motional state in R3 (e.g., see Fig. 6.11 in
Ref. [35]), respectively. Worth considering is a plausible situation in which Φ(m, k) is
confined within a cylinder settled in r3. In analogy with the conducting wall condition
for plasma magnetic fields that retains gauge invariance, we impose the cylindrical
boundary condition of Φr(r = a) = 0:
mκ
µa
Jm(µa)− kdJm(µr)
d (µr)
∣∣∣∣
r=a
= 0. (47)
Expected is that this condition regulates Φ (m = ±1/2, k) as internal structure of spin
1/2 point particles, to determine susceptibility to the concerned interaction. Of partic-
ular interest is the regulation for the case in which k 6= 0, most likely responsible for the
dynamical interaction. In the following, we thus investigate the rotational eigenstates
of Φ (m, k 6= 0) involving the eigenvalues derived from Eq. (47). Henceforth, we set to
k > 0 without loss of generality; then, m ≷ 0 is responsible for positive and negative
helicity state, respectively.
4.2.1 The case of mode m = +1
2
A moving, spin 1/2 lepton coupled with virtual photon field is thought of as referring
an allowable mode of the helix specified by |m| = 1/2 and k 6= 0. In this light,
the eigenstates of Φ (m = ±1/2, k 6= 0) are examined for each m. Equation (47) for
m = +1/2 can be expressed as
κ˜+ k˜
(
1− 2ξ˜ cot ξ˜
)
= 0. (48)
Here, κ˜ = κa, k˜ = ka (> 0), and ξ˜ = µa (> 0) are real, and among them, we have the
relation of κ˜ = ±
√
k˜2 + ξ˜2 in response to Eq. (42b). Hence, the case analysis for the
sign of κ˜ each is carried out below.
(A) The case of κ˜ > 0. It is reasonable to consider that the lowest energy exci-
tation of a ”spinning point” reflects a rotational eigenstate accompanied by minimal
magnitude of κ. We express κ˜ as a function of ξ˜, and write it as κ
(+)
R (> 0); that is,
κ
(+)
R =
ξ˜
(
2ξ˜ cot ξ˜ − 1
)
√(
2ξ˜ cot ξ˜ − 1
)2
− 1
, for ξ˜ cot ξ˜ > 1. (49)
Here, the subscript R stands for right-handedness of the helix (m > 0) and sign in
the superscript indicates the one of κ˜. In the domain of definition, i.e., the discrete
regions of ξ˜ satisfying the condition of ξ˜ cot ξ˜ > 1, investigated is existence of the local
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Figure 2: Plots of κ
(+)
R (ξ˜) [Eq. (49)] (a) and κ
(−)
R (ξ˜) [Eq. (50)] (b). The functions
positive in the discrete domains are shown by solid curves. Both figures have a common
horizontal axis. In (b), the points at which κ
(−)
R takes the local minima are indicated
by open circles.
minimum of κ
(+)
R . If there exists, we evaluate κ
(+)
R = κ˜, ξ˜, and k˜
(
=
√
κ˜2 − ξ˜2
)
at
the stable point: these constitute a set of the eigenvalues for the eigenstate of Φ for
m = +1/2. Along this guideline, κ
(+)
R is plotted in Fig. 2(a). One can see that there is
no local minimum in the discrete domains. This therefore leads to the conclusion that
for m = +1/2 and κ˜ > 0 exists no eigenstate of Φ.
(B) The case of κ˜ < 0. For Eq. (48), −κ˜ is expressed as a function of ξ˜, to be
denoted as κ
(−)
R (> 0), where the notations are the same as before. This is explicitly
written as
κ
(−)
R = −κ(+)R , for cot ξ˜ < 0. (50)
In Fig. 2(b), κ
(−)
R is plotted; now we find the local minima in the discrete domains
wherein cot ξ˜ < 0 is satisfied. Setting dκ
(−)
R (ξ˜)/dξ˜ = 0 yields the eigenvalue equation
for ξ˜, which can be expressed as(
τ − 4υ−1) (τ − υ−1) υ−1 + τ = 0, for υ−1 < 0, (51a)
where
τ = ξ˜−1, υ−1 = cot ξ˜. (51b)
The transcendental Eq. (51) is numerically solved, and the solutions are numbered such
as n = 1, 2, 3, . . . in order from that indicating smaller value, to be denoted as ξ1/2,n for
the mode concerned here. It follows from this that the well-defined κ1/2,n = κ
(−)
R (ξ˜ =
ξ1/2,n) and k1/2,n =
√
κ21/2,n − ξ21/2,n are evaluated. In particular, the eigenvalues for
n = 1 indicating a rotational ground state are listed in the upper row of Table 1.
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Table 1: A set of the discrete eigenvalues ξm,n, κm,n, and km,n for |m| = 1/2 and n = 1.
m ξm,1 κm,1 km,1
1/2 1.891 2.110 0.9363
−1/2 3.445 3.632 1.152
4.2.2 The case of mode m = −1
2
Equation (47) for m = −1/2 can be expressed as
κ˜− k˜
(
1 + 2ξ˜ tan ξ˜
)
= 0. (52)
By the method given above, we look for the eigenvalues Eq. (52) contains.
(A) The case of κ˜ > 0. When κ˜ of Eq. (52) as a function of ξ˜ is denoted as
κ
(+)
L (> 0), this can be expressed as
κ
(+)
L =
ξ˜
(
2ξ˜ tan ξ˜ + 1
)
√(
2ξ˜ tan ξ˜ + 1
)2
− 1
, for tan ξ˜ > 0, (53)
where the subscript L stands for left-handedness of the helix (m < 0). If there exists
the local minimum of κ
(+)
L in the domains wherein tan ξ˜ > 0 is satisfied, κ
(+)
L = κ˜, ξ˜,
and k˜ are evaluated at the stable point. In Fig. 3(a), the function κ
(+)
L is plotted, to
show up the profile similar to that seen in Fig. 2(b), and existence of the local minima
in the domains. Setting dκ
(+)
L (ξ˜)/dξ˜ = 0 yields
(τ + 4υ) (τ + υ) υ − τ = 0, for υ > 0. (54)
Equation (54) provides the solutions, ξ˜ = ξ−1/2,n, thereby determining the values of
κ−1/2,n = κ
(+)
L (ξ˜ = ξ−1/2,n) and k−1/2,n =
√
κ2−1/2,n − ξ2−1/2,n. Especially for n = 1,
these values are listed in the bottom row of Table 1.
(B) The case of κ˜ < 0. For Eq. (52), −κ˜ is expressed as a function of ξ˜, to be
denoted as κ
(−)
L (> 0). The function κ
(−)
L = −κ(+)L , which is valid for ξ˜ tan ξ˜ < −1,
is plotted in Fig. 3(b). As would be expected, there exists no local minimum in the
domains. It is thus concluded that we have no eigenstate in this case.
4.3 On mirror-asymmetry of the rotational field
In light of the allowed combination of (m, κ) = (±,±), the rotational eigenvalues for
|m| = 1/2 are summarized in Table 2. We can claim that the eigenstates do exist for
mκ < 0, whereas do not for mκ > 0. Remarkable is the relation of κ−1/2,n 6= κ1/2,n,
and mirror-asymmetry of left- and right-handed helix representing the eigenstates.
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Figure 3: Plots of κ
(+)
L (ξ˜) [Eq. (53)] (a) and κ
(−)
L (ξ˜) (b). The functions positive in the
discrete domains are shown by solid curves. Both figures have a common horizontal
axis. In (a), the points at which κ
(+)
L takes the local minima are indicated by filled
circles. Note ξ˜ 6= 0.
Table 2: Summary of the rotational eigenvalues.
m κ(> 0) κ(< 0)
+1/2 (R) — −κ1/2,n
−1/2 (L) κ−1/2,n —
By making Φ correspond to the force-free magnetic field B that satisfies ∇ ×
B = κB (in R3 coordinate), given below is a magnetohydrodynamical picture on the
asymmetry. For current density of the plasma, we have Jc = cκB in accordance with
the Ampe`re-Maxwell law: ∇ × B = Jc/c. Hence, κ > 0 (resp. < 0) corresponds
to the picture in which B is parallel (resp. anti-parallel) to Jc, which is signified as
h12 = B ·Jc > 0 (resp. < 0). Relating to the vector potential A, in general, B = ∇×A
holds, so that the force-free field can be expressed as B = κA+∇χ with χ(R) a scalar
function, though the second term of the RHS is ignored here. This approximation states
that Ohmic current correction is taken into no account. Self-interaction Hamiltonian
in free-space compatible with this, i.e., H = −Jc · A/c, can be cast to the form of
−κh01 = −κ2|A|2(< 0), where h01 = A · B is, so to say, density of the magnetic
helicity. In parallel with the relation of κ to h12, we have κ > 0⇔ h01 > 0 as well as
κ < 0 ⇔ h01 < 0, to see that for both of them H < 0 holds. Selecting the left- and
right-handed helix respectively for the positive and negative κ is amenable to a basic
property of diamagnetic response of plasmas. Let us imagine the two distinct systems,
which indicate κ ≷ 0 each, while having a common distribution of |A|2. It then turns
out that, when magnitude of the eigenvalue of κ concomitant with the systems depends
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on its sign, the larger absolute value leads to the lower level of H .
Recalling Table 2, it reads as follows: in the concerned elementary excitation of
a spinning point involving a sort of currents, the left-handedness must be preferably
self-selected due to the relation of κ−1/2,n > κ1/2,n. This meets the fact that ℓL and qL
are selectively involved in the charged current weak interaction [17].
This consequence encourages us to put forth the following mathematical function
transformation that describes the particle change of Eq. (21):
K−1/2(kr)K1/2(kr) −→ Φ (m = ∓1/2, k) . (55)
The LHS involves k 6= 0 and k → 0, while the RHS postulates µ 6= 0. The rotational
ground states ofΦ, specified by κ−1/2,1 and κ1/2,1, could be interpreted as being reflected
in the spin (and momentum) state of (ℓ)L and (ℓ¯)R, respectively.
4.4 Cases of the general mode number
Also for |m| 6= 1/2, the cylinder condition Eq. (47) determines the eigenstate ofΦ (m, k)
at least mathematically. Except for m = 0 that renders spectrum of κ˜ continuous, one
can calculate the discrete eigenvalues according to the procedure same as explained
in §4.2. This is not without physical meaning, in that Φ (m, k) might be related to
gauge bosons with spin m. Thus, we here outline the results for the case in which m
is non-zero integers.
In general, on the pattern of existence of the eigenstates, it is found that κ
(−)
R (=
−κ˜ > 0) and κ(+)L (= κ˜ > 0), respectively, for (m, κ) = (+,−) and (−,+), i.e., for
mκ < 0, have locally stable points in the domains. As is, a triad of the well-defined
eigenvalues ξm,n, κm,n, and km,n can be obtained as before. For the modes in which m
is an even number, we have ξm,n = ξ−m,n, κm,n = κ−m,n, and km,n = k−m,n, whereas
the odd modes lead to ξ|m|,n < ξ−|m|,n, κ|m|,n < κ−|m|,n, and k|m|,n < k−|m|,n (like for
|m| = 1/2), violating mirror-symmetry. This modal parity stems from the property of
the Bessel function: J−m = (−1)mJm.
As an example, the somewhat detailed explanation is given for |m| = 1 as one of
the key modes. The equation determining the stable points is commonly ascribed to
J20 (ξ˜)
[
ξ˜J0(ξ˜)− 2J1(ξ˜)
]
+ J31 (ξ˜) = 0, (56)
regardless of combination of (m, κ) = (±,±). Noticed is that the allowed ξ˜-regions are
expressed as j0,n′ < ξ˜ < j1,n′ and j1,n′ < ξ˜ < j2,n′ for (m, κ) = (±,∓) and (±,±) (the
double signs correspond), respectively, where jm,n′ denotes the n
′-th zeros of Jm(ξ˜).
However, one can ascertain that, for the latter, there exists no solution of Eq. (56). It
should be mentioned that the function of ξ˜ for the case of (+,−), shown in Fig. 4(a):
κ
(−)
R = −
ξ˜
[
ξ˜J0(ξ˜)− J1(ξ˜)
]
√
ξ˜J0(ξ˜)
[
ξ˜J0(ξ˜)− 2J1(ξ˜)
] , (57)
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Figure 4: Plots of κ
(−)
R (ξ˜) [Eq. (57)] (a) and κ
(+)
L (ξ˜) = −κ(−)R (ξ˜) (b). These functions
having, respectively, the domain of j0,n′ < ξ˜ < j1,n′ for odd and even number of
n′ (= 1, 2, 3, . . . ) are designated by solid curves. Both figures have a common horizontal
axis, on which the positions of j0,n′ are indicated, in place of a scale of the linear axis.
The points at which κ
(−)
R and κ
(+)
L take the local minima in their domains are indicated
by open and filled circles, respectively. The broken curves in (a) and (b) correspond to
κ
(−)
L and κ
(+)
R for j1,n′ < ξ˜ < j2,n′ with n
′ odd and even, respectively (see text).
Table 3: A set of the discrete eigenvalues ξm,n, κm,n, and km,n for |m| = 1, 2 and n = 1.
m ξm,1 κm,1 km,1
1 2.857 3.112 1.234
−1 5.937 6.162 1.652
±2 4.461 4.707 1.504
is related to the function for the (−,+) case shown in (b), as −κ(−)R = κ(+)L . The
domains of κ
(−)
R and κ
(+)
L are found to be j0,n′ < ξ˜ < j1,n′ with n
′ odd and even number,
respectively. As seen in Fig. 4, the values of ξ˜ at which the positive functions of κ
(−)
R and
κ
(+)
L take the local minima in each domains, namely, the solutions of Eq. (56), denoted
as ξ±1,n, appear such as ξ1,1, ξ−1,1, ξ1,2, ξ−1,2, . . . in order from the smaller one. It turns
out that the n-state eigenvalues of ξ1,n = ξ1,(n′+1)/2 for n
′ odd and ξ−1,n = ξ−1,n′/2 for
n′ even alternately appear.
For convenience, the eigenvalues for n = 1 are exemplified in Table 3. In addition,
the triad for (|m|, n) = (2, 1) as the lowest order even mode is given in the bottom row.
23
5 Observation of the rotational field
We deal with an observational issue on the rotational field, mainly, ofΦ(m = −1/2, k 6=
0). We see that mechanics owing to the geometric structure describes a charged, spin
1/2 point particle moving in an orbit. Specifically, it is shown that the structure sets
up rotational coordinates of complex space, generating the spin, and furthermore, self-
renormalization of the coordinates is responsible for observable precession of the spin.
The dynamical mechanism is linked to the charge renormalization.
5.1 Relation of Φ with low energy lepton states
The proviso of k 6= 0 in Φ is responsible for |K| = K 6= 0 incorporated in the finite
momentum of P = ~K in R3. And, we do not have such a constraint on k → 0
that is required for conformal map to be bijective, so as to represent the lowest energy
excitation of π-meson. This circumstance resembles the situation in which Eq. (30) is
applicable to reproduction of the Cornell potential for qq¯ moving nonrelativistically. It
can be, therefore, considered that derived fromΦ for k → 0 is kinematics of the charged
lepton moving nonrelativistically (i.e., K → 0 and K 6= 0). When k → 0 is taken into
account for k 6= 0 prerequisite to the regulation of Φ, the operation corresponds to a
projection of the helical structure onto the cylindrical base. We refer to it as k → 0
correspondence, and for a spatial transformation involving it, presume the form of
κr −→ g−1µ¯ρ, (58)
where ρ represents a radial coordinate vector (its initial point= origin ”o”) on a com-
plex plane, and satisfies µr = µ|ρ|. The detectability owing to r → ∞ can then be
related to setting a stereographic projection point on a sphere so as to cover C∗∪{∞},
where C∗ = {µρ ∈ C | 0 < µ|ρ| ≤ ξm,n}; its planar shape is the same as that for the
Cornell regime. The sphere is incomplete in relation to C∗ ( C.
In view of kinematic states of a spinning point, we reveal the geometric mechanics
that induces fundamental representation of SU(2), viz., S = (~/2)σ, where σ stands
for the vector of Pauli matrices: (σx, σy, σz) [5]. For this purpose, the charged leptons
are represented simply by electron. Foremost, for the special case in which k = 0, we
describe the two-valuedness of the spin in the rest state. Setting to k = 0 gives, e.g.,
Φz(m = ∓1/2, k = 0) ∼ J∓1/2(µr)e∓iθ/2. Hence, rotation of θ = 0 → 2π inverts sign
of the initial function, and it is recovered first by the rotation of 4π. Meanwhile, one
could render o as the rotation center identical with the R3-coordinate origin O at which
the electron is at rest. When making the rotation angle of either −θ or θ correspond
to R3-rotation angle Θ, therefore, Φz zˆ = φ
′zˆ embodies such a basic property of S
that rotational operator for wave functions generates exp [iΘ · S/~]|Θ|=2π = −I, where
|Θ| = Θ, and I (= σ2x = σ2y = σ2z) is the unit matrix.
As for k 6= 0, we take account of the motion of spin and circular orbit of a single
electron affected by uniform magnetic field B, as shown in Fig. 5(a) (cf. Fig. 3-3 in
Ref. [36], and the relevant explanation therein). To expose Φ(m = −1/2, k 6= 0) of
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Figure 5: Cyclotron motion of a single electron having the spin S and its longitudinally
polarized state (a), and the corresponding rotation of unit radial vector rˆ = R/|R| and
change of the polarization for the one orbital turn: σ → σ′(b). In (a), the angular
momentum coupling is depicted.
the electron, we recall the potential theory on qq¯ harmonic oscillation, which has been
developed in §3. Here, we focus on phase term of φ′ concomitant with Φ. Applied
to it is the transformation that has the form of kz → g−1kζζ in conjunction with
Eq. (58), whereupon the transformed one is raised to the power of g along Eq. (39).
This procedure enables one to observe the motion of the ”point”. On the resulting
e−i[(1+δg)θ+kζζ], we impose the lifting shift of (θ, ζ) = (0, 0) → (−2π, 2πk−1ζ ), which
advances the phase. Henceforth, let negative sign of rotational angles be clockwise.
When we write the advancing phase as ∆θ, to get
δg = ∆θ/(2π), (59)
Eq. (40) can be compared to the expression of g-factor: 2 [1 + ∆Θ/(2πΓ)]. Here, ∆Θ
and Γ are the observed advancing angle of the spin precession and the Lorentz factor,
respectively, and conform to ∆Θ = Γ∆Θ(Γ → 1). For anti-clockwise, Θ(= −θ) = 2π
rotation of unit coordinate vector rˆ as shown in Fig. 5(b), we find the correspondence
between ∆Θ/Γ and ∆θ:
∆θ ←→ ∆Θ(K → 0). (60)
5.2 Mechanism advancing spin precession frequency
5.2.1 Coordinate mechanics of spin 1
2
particle
The internal mechanics that determines the value of ∆θ must describe the observed
kinematics of the electron. Full information of the kinematic state is contained in the
total angular momentum as the coupling of the orbital angular momentum L and S:
J = L+ S, (61a)
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as shown in Fig. 5(a). We pay attention to the formalism such that forK → 0, Eq. (61a)
reduces to
J −→ S. (61b)
Reminding this, we construct for heuristic the rotational internal coordinate that is
allied with rˆ and capable of generating σ. By combining the remarked correspondence
of Φ ↔ B with Eq. (5), we prepare the replacement of Φ → iλr with λ constant,
allowing for its application to Eq. (45). Taking this replacement into account, we
introduce the covering vector for J/
√
3, defined by
Λ := [∇×Φ]
Φ→iλr = iλκr. (62)
This reads as follows: the internal quantity Λ is, for λ→ ~, reflected in the expressions
of the orbital angular momentum −P×R and P = −i~∇ in R3. To Λ as a primordial
stuff unifying them, applied is Eq. (58) for the k → 0 correspondence. This results in
yielding the following projective form just in parallel with (61b):
Λ −→ Λ0, (63a)
where
Λ0 = ig
−1λµ¯ρ. (63b)
In the context, the quantity Λ0 ought to directly describe S/
√
3 of the electron moving
nonrelativistically. It is now a matter of normalizing Eq. (63b), to provide the following
symbolic master equation that spin half particles would refer to:
σˆ = iξρˆ, (64a)
where ξ = µ|ρ|, and
σˆ = Λ0/(λ/g0), ρˆ = ρ/|ρ|. (64b)
Note that the definition of ξ differs from the previous one for kr. Equation (64) sustains
orthogonality of the base spaces (ρ,Λ0), serving as a spatio-unifier.
We delve into rotation of (ρ,Λ0), in terms of a self-consistent procedure of the
normalization. First, it is supposed that ρˆ is a basis vector normalized when ρ gets on
real axis of the complex plane. Then, trivially |ρˆ| = 1 is established on the real axis,
and the real basis vector is to come out in rˆ. The vector configuration of Eq. (64a) on
this plane is illustrated in Fig. 6(a), providing a value of ξ larger than unity. Second,
supposed is that σˆ is another independent basis vector normalized when ρ rotates by
−π/2 to be purely imaginary and Λ0 gets on the real axis. Recalling λ→ ~, we identify
|Λ0| = λ/g0 with the detectable |S|/
√
3 = ~
√
s(s+ 1)/
√
3 = ~/2 for s = 1/2. Then,
|σˆ| = 1 is established on the real axis; the vector configuration of Eq. (64a) on the
second plane is shown in Fig. 6(b).
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Figure 6: Complex planes indicating, on the real axes, |ρˆ| = 1 (a) and |σˆ| = 1 (b) for
a common ξ(> 1), and a normalized complex plane (c) corresponding to Fig. 5(b).
Besides, the vector configuration of (rˆ,σ) [Fig. 5(b)] is recast to the configuration
of (ρˆ, σˆ) on a normalized complex plane, which is shown in Fig. 6(c). This can be
regarded as superposition of ρˆ on the first plane (a) and σˆ put on the imaginary axis
by the rotation of π/2 on the second plane (b). For Θ and θ as rotation angles of rˆ
and ρˆ, respectively, we have Θ = −θ, and therefore, ρˆ rotated by −2π is to coincide
with the initial one, as is compatible with the nature of rˆ. On the other hand, σ → σ′
incidental to the one turn of rˆ should be described by σˆ → σˆ′ along with ∆θ, where
invariant of the magnitude: |σˆ| = |σˆ′| = 1 is imposed. Then, σˆ is responsible for σ/√3,
on account of σˆ2 → σ2/3 = (σ2x + σ2y + σ2z)/3 = I. It turns out that Λ0 = (λ/g0)σˆ is,
for λσˆ → ~σ/√3, reflected in S/√3.
5.2.2 Concept of coordinate self-renormalization
It can be claimed that ρˆ represents (nd − 1)-dimensional projective plane of rnd space
having the dimensions of nd = 3, and σˆ does likewise. In addition, ξ involving µ takes
on one degree of freedom that mediates between those two spaces. It thus follows that
degrees of freedom of the internal projective space are 2nd − 1. Although ρˆ and σˆ
are distinguished from one another, σˆ in Fig. 6(b) embodies ρˆ in (a) on the real axis,
so that observer has no way to distinguish both the basis vectors for the comparison.
This suggests such an isotopic relation of σˆ to ρˆ that after the aforementioned clockwise
quarter-turn of ρ, σˆ maintains gauge of the real axis that connects to R3, on behalf
of ρˆ that was there before the turn. This instant, ρˆ is on the imaginary axis, having
the magnitude of 1/ξ. That is, as seen in Figs. 6(a,b) for ξ > 1, the turn leads to the
shrinkage of ρˆ, which is undetectable at this moment. Especially for the one clockwise
turn, the vector shrunk up gets again on the real axis, to be expressed as ∆ρˆ = (1/ξ4)ρˆ.
This must be an observable portion. Meanwhile, for the one turn of ρˆ in Fig. 6(c),
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Figure 7: A schematic to explain how to harmonize the transformation of ρˆa → ρˆ with
σˆ → σˆ′. The dotted curve corresponds to equator of the Riemann sphere.
postulated is invariant of |ρˆ|. In order to reconcile the both, we should consider that
the appearance of ρˆ having |ρˆ| = 1 results from superposition of ∆ρˆ on a coordinative
vector tentatively normalized on the real axis in another way. The scalar ξ seems to
play a key roˆle in the radical process, referred to as coordinate self-renormalization, or
CSR in short, hereafter.
Concerning the pre-normalization, it will be reasonable to recall the critical value
of ξ, i.e., ξ˜ = µa, and introduce ρˆa = ρ/a having the magnitude of ξ/ξ˜. By employing
them, one can rewrite ξρˆ as ξ˜ρˆa in Eq. (64a). Noted is |ρˆa| < |ρˆ| because of ξ < ξ˜.
Taking all this into account, we make the following transformation that undertakes
CSR:
ρˆa −→ ρˆ = ρˆa + ∆ρˆ, on ℜ. (65)
For ∆ρˆ to be observable would require the complementation between ∆ρˆ and ∆θ related
to displacement of σˆ, in harmony with the isotopic relation between ρˆ and σˆ. That is,
it is supposed that the transformation of
σˆ −→ σˆ′ = σˆ + ∆σˆ, (66)
is self-consistently implemented such that the following relation is satisfied:
∆ρˆ = ℜ (∆σˆ) , (67)
as displayed in Fig. 7. After all, Eq. (65) with ∆ρˆ gives an interpretation of the obser-
vational fact of advance of spin precession frequency. The CSR process brings about
clock in effect.
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5.3 Generation of numerical value for the fine-structure con-
stant
It appears that the CSR connotes the origin of elementary charge e, giving the physical
meaning of QED renormalization. From Eq. (67), we have |∆ρˆ| = |σˆ′| sin∆θ. Equating
this to the relation of |∆ρˆ| = 1/ξ4 yields the first equation that connects ξ and ∆θ:
ξ−4 = sin∆θ. (68)
Another equation can be derived from ξ|ρˆ| = ξ˜|ρˆa|. Noted here is that the vector
Eq. (65) operates on the real axis, thereby giving the relation of the magnitude, |ρˆa| =
1− |∆ρˆ|. Hence, we have the second equation expressed as
ξ = ξ−1/2,n
(
1− ξ−4) , (69)
where ξ˜ has been set to the eigenvalue of Φ(m = −1/2, k 6= 0). This gauge setup must
properly connect ρ with R. Equations (68) and (69) give a set of solutions of ξ and
∆θ.
In order to highlight the physical correspondence, we approximately solve them,
assuming ∆θ ≪ 1. When ignoring ∼ (∆θ)3 and the higher order terms, Eq. (68)
reduces to
ξ−4 ∼= ∆θ. (70)
Meanwhile, it is found that within the common approximation, Eq. (69) allows the
expression of
ξ−4 ∼= ξ−4−1/2,n/(1− 4ξ−4−1/2,n). (71)
Thus, if only the numerical value of ξ−1/2,n is given, one can algebraically calculate the
values of ξ and ∆θ from Eqs. (70) and (71). Making use of Eq. (70), Eq. (60) is cast to
∼ ξ−4 ←→ ∆Θ(K → 0). (72)
This means that, at least, the scalar quantity ξ−4 shall indicate a value comparable to
the dimensionless physical constant α [16]. To fix the value of ξ−1/2,n, we call for the
rotational ground state specified by n = 1, which minimizes the cylinder confining Φ.
Substituting ξ4−1/2,1
∼= 141 into Eq. (71) results in yielding
ξ4 ∼= 137, (73)
indicative of α−1. Certainly, the assumption of ∆θ ≪ 1 is justified. Combining
Eqs. (59), (70), and (73), an approximate value of Eq. (40) can be estimated as
g ∼= 2.00233. (74)
This is also reconciled with experimental value of the g-factor for charged leptons.
The results and the argument on clock generation are both consistent with the
preliminary consideration in §3.3. Thus, δg can be understood as manifestation of
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one-dimension of time as the degree of freedom of ξ, which is released through the
dynamical mechanism that properly connects two rnd spaces (a complex nd-dimensional
space) with Rnd space. This means that conceivable dimensions of space-time are
3nd + 1 = 10, and total degrees of freedom amount to 11. Logical necessity of the
extra-dimensions implies that a principle of unification of forces may be self-contained
within this theoretical framework [37].
5.4 The QED interpretation
The scale of ∼ ξ−4 can be interpreted as origin of electric energy accompanying the
point charge excited in vacuum. Then, inequality of ξ−4 > ξ−4−1/2,1 is amenable to notion
of vacuum polarization: it sustains the QED vacuum picture in which the effective
charge decreases outward due to electrostatic shielding effect by the polarization of
virtual electron-positron pairs. Thickness of the imperfect shielding shell reflects ∆ξ =
ξ−1/2,1 − ξ.
The virtual pair creation is supposed to generally occur in electromagnetic in-
teraction. A feasible form of α as the coupling constant can be found, e.g., in the
electron-electron scattering that exchanges virtual photons, giving rise to such a kind
of pair creation. It is a matter of summing up the Feynman diagrams of the possible
propagation processes as to the scattering amplitude (e.g., Ref. [13]). Letting the ob-
served elementary charge and theoretical charge be denoted as e and eth, respectively,
e = eth/
√
1− ̺ with ̺ constant is derived from the integration. Consequently, QED
holds out
e2 = e2th/(1− ̺). (75)
Its correspondence to Eq. (71) is pronounced. We find that the finite ̺, by which a
logarithmically diverging term has been replaced by means of the conventional renor-
malization, reflects the quantity of ∼ 4ξ−4−1/2,1, to be expressed as 4e2th in a good approx-
imation. Physical meaning of the charge renormalization can be attributed to CSR as
the fundamental mechanism that embeds particles into space, creating time.
6 Internal structure governing β-decay
The outcomes in the previous section strongly suggest entity of the rotational field of the
mode |m| = 1/2, concomitant with spin half point particles. If Eq. (55) is truly reflected
in Eq. (21), the current theory must be capable of describing the weak interaction as
well. To complete the theory, we reveal its compatibility with the standard model that
can well account for the relevant experimental facts.
6.1 Function transformation reflected in gauge field transition
Within the conventional framework [19], the unified theory of electromagnetic and weak
force is constructed such that covariant derivative for q and ℓ satisfies requirement
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for SU(2) × U(1) gauge transformation to be locally invariant. The crucial point is
that the operators for (qL, ℓL) and (qR, ℓR) exhibit asymmetry between them. This
LR asymmetry relies on the unquestionable fact that the weak interaction involving
neutral current works for the both, whereas the charged current interaction does only
for the former. We cope with this asymmetry, based on the mirror-asymmetry of the
eigenstates of Φ.
To begin with, we return to Eq. (25) with |m| = 1, and reconsider the region of
r → ∞ so that the solution can be expressed as η(kr) = c±I±1(kr), where c+ = c1
(cf. §4.1). This means that, by largely separating qq¯ pair without violating a color
superconductivity phase, we enhance strong force to isolate it, though in reality the
separation ends up with newly creating a meson. The field of it having the spin-parity
of JP = 0− reflects the function of the LHS of Eq. (55). In the development of the field
in R3 space, induced is the internal transformation of k → −iµ∗, which is recast to the
form of
kr −→ ϕ := −iξ, (76)
where the definition of ξ = µ∗r is newly introduced. Although this scalar quantity
should be distinguished from µr in §5, the same notation ξ is used by a reason ex-
plained later. The process in which W±,0 and B0 particles appear in place of gluons is
considered to be basically sustained by the function transformation owing to Eq. (76):
I±1(kr)→ I±1(ϕ) = ∓iJ±1(ξ). The energy transformation of internal harmonic poten-
tial, parallel to Eq. (35), can then be written in the form of
η2(kr) −→ U±(ξ) = −φ2±1J2±1(ξ), (77)
where the double signs correspond, and φ±1 is real constant (along with c±). It is
considered that Eq. (77) represents generation of the internal potential that works for
ℓℓ¯ pair separated, in contrast to Eq. (35) that represents generation of the external
potential of qq¯ pair confined. The function transformation of I±1(kr) = I±1 [(k/µ∗)ξ]→
−J2±1(ξ) is shown in Fig. 8.
Since φ±1J±1(ξ) provides η(ξ) in φ′, i.e., the solution of Eq. (41), it constitutes
Φz for m = ±1, but set to as µ = µ∗. It is expected, as the ℓℓ¯ pair is represented by
Φ(µ;m = ∓1/2, k 6= 0), that the generated gauge bosons are represented by Φ(µ∗;m =
±1, k 6= 0). Henceforth, we refer to the former and latter eigenstate as Φ∓1/2 and Φ±1,
respectively.
6.2 Generation of quark elementary charge
We focus on the second equation of Eq. (21), which can be decomposed into the ele-
mentary processes of d(−1/2) −→ u(1/2) +W−(−1) and W−(−1) + νe(1/2) −→ e−(−1/2). Here,
the values in the brackets indicate the third component of the weak isospin, Tz. Ex-
tending the correspondence between e−(−1/2) and Φ−1/2, it is natural to suppose the
correspondence between Tz and m (in Φm), at least, for particle species endowed with
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Figure 8: The transformation of the cylindrical functions, I±1 → −J2±1, caused by
Eq. (76). On the horizontal axis, ξw denotes the value of ξ, at which the resulting
function as the normalized potential U±(ξ)/φ2±1 (solid curve) gives a minimum value.
negative Tz and negative charge. The foregoing Yukawa interaction is rewritten in the
next form:
[dL + (u¯)R] −→ W−, W− −→ e−L + (ν¯e)R . (78)
The square bracket of the first equation emphasizes the fact that presence of du¯ pair
is restricted to a closed space of the interior of π−-meson.
In common with e− and ν¯e in the RHS of the second equation, d and u¯ behave as
spin 1/2 point particles each. We read that among them, the left-handed dL, which
acts commonly with e−L on the charged current interaction, refers CSR subject to the
master Eq. (64), as basic internal mechanics of Tz = −1/2. Respecting the rotational
motion of e−L , the CSR to which the gauge of cylindrical base of Φ−1/2 contributes is
found to set up a proper rotational coordinate in the R3 space that allows for the orbit.
This setup is none other than development of electromagnetic potential. On the basis
of this idea, we reconfigure the charged current interaction of dL undergoing rotational
motion in the closed space, with W−. Expected is that the CSR to which the base
gauge of Φ−1 contributes is called for setting up a proper coordinate, i.e., developing
the interaction potential, in the closed space of JP = 0− particle. Not only in Φ±1/2,
but in Φ±1, the mirror symmetry is breaking; the selection of the negative mode is
founded on κ−1,n > κ1,n. In particular, the CSR involving rotational ground state of
Φ−1 is expected to determine charge of dL, in analog of the generation of e in which
the ground state of Φ−1/2 is involved.
From this notion follows: the ξ−4 scale of Eq. (71) of which ξ−1/2,1 is replaced by
ξ−1,1 is responsible for square of the d (s, b) quark charge eq. This replacement owes
to base coupling of Φ−1/2 and Φ−1; the underlying principle is eventually clarified. As
a consequence, the following approximate expression is responsible for |eq|/e = 1/3
related to SU(3) symmetry [20]:√
(ξ4−1/2,1 − 4)/(ξ4−1,1 − 4) ∼= 0.333, (79)
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where ξ4−1,1 ∼= 1240 has been employed with reference to Table 3.
6.3 The compatibility with a standard vacuum model
6.3.1 The Higgs potential
We further examine Eq. (77), aiming at revealing analytic meaning of the mass change
mW → mℓ,ℓ¯ in W− −→ ℓ+ ℓ¯. While there exist innumerable local minimum points of
the function −J2±1(ξ), the point that indicates the minimum value is only one. Hence,
by the transformation of Eq. (77), the value of ξ at which the potential indicates the
minimum changes from 0 to the well-defined ξw( 6= 0). This feature can be seen in
Fig. 8. The value of ξw could regulate the quantity µ
∗ that characterizes the Yukawa
interaction (cf. §3.3). It follows that ξw must be reflected in mW .
For real ξ, expansion of J2±1(ξ) is given by
J2±1(ξ) =
∞∑
m′=0
(−1)m′ (2m
′ + 1)!! ξ2(m
′+1)
m′! (m′ + 2)! (2m′ + 2)!!
. (80)
Note that Eq. (80) can be expressed as a function of ξ2. Meanwhile, for Eq. (76) with
ξ = µ∗r real, we have ξ2 = ϕ∗ϕ, where the asterisk in this form denotes the complex
conjugate. Hence, U±(ξ) can be expressed as a function of ϕ∗ϕ of which the expansion
is written as
U±(ϕ∗ϕ) = −φ
2
±1
4
[
ϕ∗ϕ− 1
4
(ϕ∗ϕ)2 +
5
192
(ϕ∗ϕ)3 − · · ·
]
. (81)
In this aspect, we make the comparison with a standard vacuum model involving
spontaneous symmetry breaking. As a rule, one assumes condensate of the complex
scalar field ψ in vacuum. For the ψ-particles themselves, the interaction potential is
introduced of which the approximate form can be expressed as
U(ψ∗ψ) = µ2mψ
∗ψ + ς (ψ∗ψ)2 , (82)
with µm and ς constants. The theory for µ
2
m > 0 describes ψ associated with the mass
of µm. Within this framework, the vacuum state can be represented by the expected
value of ψ, such as 〈ψ〉0 = 0 for µ2m > 0, that is, the value of
√
ψ∗ψ at which U indicates
the minimum. On the other hand, for µ2m < 0, as clearly seen in the rearranged form
of Eq. (82):
U(ψ∗ψ) = ς
(
ψ∗ψ +
µ2m
2ς
)2
− µ
4
m
4ς
, (83)
U indicates the minimum at ψ∗ψ = −µ2m/2ς (> 0), so that the expected value is given
by
〈ψ〉0 =
√
−µ2m/2ς. (84)
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This finite 〈ψ〉0 is involved in assigning the gauge boson the mass on-mass-shell via
coupling constant, to linearly couple with the mass. Customarily, U is called Higgs
potential [21]; ψ can be expressed as ψ = 〈ψ〉0 +H/
√
2, where H the Higgs field.
It is obvious that U±(ϕ∗ϕ) of Eq. (81) provides an analytic function representation
for U(ψ∗ψ) of Eq. (83). Approving the correspondence of ϕ∗ϕ↔ ψ∗ψ, we have
√
ϕ∗ϕ = ξw ←→ 〈ψ〉0 . (85)
This indeed supports the relation of ξw ∝ mW . The key Eq. (76) that brings about ξw
can be regarded as a trigger of the spontaneous symmetry breaking.
Relating to the broken symmetry, ν¯e having Tz = 0 must refer the ground state
of Φ1/2. It is inferred from this, that a spin 1 neutral boson that can interact with
the right-handed particles, namely, B0 having Tz = 0, will reflect the ground state of
Φ1. As for eigenvalues of Φ∓1, recalling that ξ−1,1 regulates eq in JP = 0− particle
accompanied by Ψπ, we conjecture that the counterpart, ξ1,1, regulates mass (denoted
as m1) in 0
+ particle accompanied by ψ. The point is that, provided the positive and
negative mode of Φ±1 share the same base coordinate, the ratio of ξ1,1/ξw is to indicate
the mass ratio m1/mW . That is, we have
m1 = (ξ1,1/ξw)mW . (86)
Note ξ1,1 ∼= 2.86 from Table 3, and ξw ∼= 1.84. Concerning mW , one may employ the
value of 80.4GeV/c2 [38]. Substituting these values into (86), we obtain
m1 ∼= 125GeV/c2. (87)
This accords with the mass of Higgs boson that has been measured [39]. The re-
sult corroborates validity of the correspondence between Eq. (81) and (83), as well as,
Eq. (85).
6.3.2 Imprint of lepton mass
The mass changemW → mℓ,ℓ¯ is considered to reflect µ∗ → µ [Eq. (43)] cooperating with
the system transformation of |m| = 1 → 1/2. The replacement means the coupling
of ξ = µ∗r in Eq. (76) with ξ = µr sustaining Φ∓1/2 on the base (that is why for
the both, the same notation ξ has been used). The relation of ϕ∗ϕ = ξ2 can be,
therefore, regarded as the scalar coupling of the ϕ-field and leptons, which could be
associated with m1 → mℓ,ℓ¯. The coupling would enforce internal rotation of ℓℓ¯ acting
on U∓(ϕ∗ϕ) = U∓(ξ). It is reasonable to suppose that ξw → ξ1,1 corresponds to
〈ψ〉0 → ψ = 〈ψ〉0 + H/
√
2, and m1 → mℓ,ℓ¯ reflects ξ1,1 → ξ∓1/2,1. It follows that the
latter symbolically represents a process in which inertial mass of mℓ,ℓ¯ is imprinted in
vacuum. An acceptable scenario is that ξ = ξ−1/2,1 − ∆ξ → ξ−1/2,1 corresponds to
mass renormalization of a charged lepton so that ξ ⇄ ξ−1/2,1 signifies complementation
between the mass and charge renormalization.
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Let us relate the imprint of mℓ and mℓ¯ to excitation of the ϕ-field in U− and U+,
respectively. The excitation energy denoted as ω−1/2 and ω1/2 are given by
ω−1/2 = U−(ξ−1/2,1)− U−(ξw), ω1/2 = U+(ξ1/2,1)− U+(ξw). (88)
It should be noticed that if φ21/φ
2
−1 ∼ O(1), we have ω1/2 ≪ ω−1/2, because of U+(ξw) ≈
U+(ξ1/2,1) stemming from ξw ∼ ξ1/2,1(∼= 1.89; Table 1). There is a possibility that
Eq. (88) corresponds to mass of harmonic oscillator analogous to mπ. From the point of
view, invoked is a relation indicating that m2π should be proportional to mass of quarks
constituting the meson [4, 40]. In this analog, we preliminarily read the theoretical
ratio of mℓ¯/mℓ as (ω1/2/ω−1/2)
2 ∼= 3.53× 10−6(φ21/φ2−1)2. The evaluation is attempted
later.
6.4 An analytic form unifying forces and matters
It is crucially important to find an analytic relation between strength of the weak inter-
action (1, 1′) and e. Here, the notations are standard: 1 (resp. 1′) denotes the strength
of coupling of W (resp. B0) boson with the weak isospin (resp. weak hypercharge)
of the left-handed (resp. both-handed) particles. In light of orthogonal decomposi-
tion of discrete κm,1-spectrum: (ξm,1, km,1), we recall the mass imprinting process of
m1 → mℓ,ℓ¯. A point worth noting is that the process goes for ξm,1 with m = 1→ ∓1/2.
From this naturally inferred is that (1, 1′)→ e as a charge imprinting process goes for
km,1 with m = ∓1 → −1/2. Taking the covariant derivative form into consideration,
the mode-mode coupling among Φ−1, Φ1, and Φ−1/2 through the finite k˜ is expected
to embody a basic principle of the electroweak interaction involving 1, 1′, and e.
To the modal coupling, a nice similarity can be found in Eq. (27), that is, the
coupling of cylindrical functions of order m = ±1, which utilizes the common finite
k. An attention should be paid to the ratio of c2−1/c
2
1 ∼ k˜4 self-contained in Eq. (27),
which plays a critical roˆle in quark confinement. Notice that confinement ofΦm inside a
cylinder compared to perfectly conducting wall resembles the color confinement. Hence,
retaining such a form of internal scaling, we should describe the multi-mode coupling
among Φm that utilizes the common, one degree of freedom of zˆ-direction. First, a
priori introduced is the hyper coupling constant defined by φ2P =
(
ξ−1/2,1, k−1/2,1
)−4
,
reflected in ∼ ~c, i.e., a scale of square of the Planck charge. Second, regarding the
mode intensity |φm|2 as constant of the mode coupling, we hypothesize that a group of
ground states of Φm is self-adjusted such that their intensities satisfy |φm|2/φ2P = k4m,1
each2. Then, we have a chain rule for m = −1/2, −1, and 1, which can be expressed
as
φ2P =
|φ−1/2|2
k4−1/2,1
=
|φ−1|2
k4−1,1
=
|φ1|2
k41,1
. (89)
2This can be compared to the expression of
〈
0|E¯ · E¯|0〉 ∼ ~c · k4 for the vacuum fluctuations of
square of the averaged electric field operator E¯, as a quantum effect that appears in the region in
which density of photons having the wavenumber k is of the classical limit of ∼ k3 and less [36]. Here,
the average means that taken over the volume of k−3 in R3.
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We read that the concerned multi-mode coupling is subject to this rule. With reference
to Tables 1 and 3, then, we obtain the key ratios evaluated as follows:
|φ−1/2|2/|φ−1|2 =
(
k−1/2,1/k−1,1
)4 ≃ 0.24, (90a)
|φ−1/2|2/|φ1|2 =
(
k−1/2,1/k1,1
)4 ≃ 0.76. (90b)
Equation (90) can be compared to an input parameter of the Glashow-Weinberg-Salam
model [19]. That is, for the Weinberg angle θW, a comparison of the value of Eq. (90a)
can be made with experimental values for sin2 θW = e
2/12 [Eq. (90b) with cos2 θW =
e2/1′2]. The theoretical Eq. (90) is indicative of the mathematical constants reflected in
the experimental values in a lower energy region (e.g., Ref. [38], and references therein).
In terms of a mixing state of Φ±1, massless photon can be specified by µ∗ → 0 in
the concerned r → ∞, along {0} ⊂ C∗(±1) ∪ {∞}, where C∗(m) = {0 < ξ ≤ ξm,1}.
In connection with the mass imprint, the theoretical value for mℓ¯/mℓ works out, by
letting φ21/φ
2
−1 = (k1,1/k−1,1)
4 in the foregoing expression of (ω1/2/ω−1/2)2, at 3.4×10−7.
Making correspondence of this to the mass ratio of ν¯e to e
−, the mass of ν¯e is predicted
to be 0.17 eV/c2, as it is consistent with an experimental upper limit on electron-based
ν¯ mass [41].
The outcomes totally support the reasoning that the P -violation observed in β-
decay will be ascribed to the mirror-asymmetry of the helices of Φm. To summarize,
the transition from the strong to electroweak force can be represented by the potential
transformation of
I±1 −→ −J2±1 (↔ Higgs type), (91a)
indicative of the onset of Φ±1, while the transformation reflected in π −→ ℓ+ ℓ¯ is given
by
K−1/2K1/2 (↔ Yukawa type) −→ Φ∓1/2. (91b)
In the unified picture of gauge and matter particles, we come down to the idea that
their ingredients are ultimately reduced to the mathematical functions of cylindrical
system.
6.5 On the coupling with a higher mode
The mechanism determining mW has been identified with the Higgs mechanism that
assigns the gauge particles the inertial mass. If the unified concept is accountable for
equivalence principle [26], the mass imprinting mechanism must be related to grav-
itational interaction under presence of gravitational field. From this perspective, we
describe onset of the helical field Φ having |m| = 2, and characteristic of the eigenstates
Φ±2, which are supposed to be in on graviton having spin 2, and add consideration as
to the coupling with Φ±1.
Origin of the cylindrical mode of |m| = 2 can be ascribed to the modified Bessel
functions Im indicating the property of modal degeneracy in the region of k → ∞,
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i.e., Im(kr)
k→∞−−−→ ekr/√2πkr. For one can suppose, for k → 0 as the inverse, I±2
separating from I±1 that engenders spin 1 gauge bosons. This circumstance is com-
pared to separation of gravitational force from the other forces. Equation (76) executes
I±2(kr) → ∓J±2(ξ) in parallel to the transformation for the |m| = 1 mode, resulting
in establishing Φ for |m| = 2. Accordingly, it turns out that Φ±1 could coexist with,
at least, Φ±2, sharing the same base coordinate.
Concerning discrete eigenvalues for Φ±2, we have the symmetric relations of ξ2,n =
ξ−2,n, κ2,n = κ−2,n, and k2,n = k−2,n, in contrast to the asymmetric ones for |m| = 1/2
and 1. This suggests that the interaction that involves Φ±2 having |φ2| = |φ−2| is free
of currents and handedness, in other words, independent of charges and spin. The
symmetry of the lowest order even mode is responsible for universality of gravitational
interaction. Altogether, Φ can be regarded as a fundamental ingredient capable of
representing gravitational force, in addition to the electroweak force and spin 1/2 point
particles.
In the regime in which φ±2 is set to imaginary as orthogonal to φ±1, the potential
of ∼ −J2±2(ξ) having a single minimum point is generated along Eq. (77); Yukawa-type
interaction could appear. The value of ξ =
√
ϕ∗ϕ at which the potential indicates the
minimum, denoted as ξg(∼= 3.05), is considered an alternative representation of vacuum
state, being arguably reflected in the inertial mass of a hypothetical particle mG. This
particle might behave as if a virtual mediator of gravitational force, like that π-meson
mediates strong nuclear force. Remarked is that the massless graviton state can be
specified by the manner by which the massless photon state has been specified, but
instead of C∗(±1), extended is C∗(±2). The internal coupling with the |m| = 1 mode via
the scalar field ϕ is to conform to the relation of ξg/ξw = mG/mW . Resultantly, for
the weakly interacting particle, the mass is predicted to be
mG = (ξg/ξw)mW ∼= 133GeV/c2. (92)
Furthermore, there is a possibility of excitation of the scalar field, similar to that
characterized by m1 compared to the Higgs boson mass. In the current context, the
excitation is to refer ξ2,1(∼= 4.46; Table 3) regulating the mass of m2 = (ξ2,1/ξg)mG.
When using Eqs. (86), (87), and (92), the mass expression can be recast to
m2 = (ξ2,1/ξ1,1)m1 ∼= 195GeV/c2. (93)
The principle process, in which gravity refers the inertial mass of mℓ,ℓ¯ imprinted by
m1 → mℓ,ℓ¯, can be represented by m2 → mℓ,ℓ¯.
It is mentioned that mGc
2 agrees with the energy at which a sign of spectral excess
of gamma-rays from the Galactic center region was found [42], although the finding has
been controversial. The particle will qualify as a tentative candidate for dark matter.
7 Conclusion
We have developed a methodology to gain access to the cylindrical space that couples
with geometrical structure of particles having no extractable substructure. Referring
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spatial change of mass state of photons, we have constructed a spatial transformation
responsible for the potential generation indicative of elementary excitation of particles.
Taking a hint from the form of the Cornell potential, we have introduced harmonic
function in cylindrical system, and clarified entity of cylindrical space in an infinitesimal
region with large extra-dimensions. It has been confirmed that the Yukawa potential
is reproducible by applying the spatial transformation to the harmonic function. For
quark confinement, the analytical reason based on conformal map has been given. We
have seen that the principal factor of g0 = 2 involved in the transformation between
the cylindrical and observational space could be reflected in the g-factor of the Dirac
regime.
Considering the internal transformation of the harmonic function, which is reflected
in transition from the strong to electroweak force, we have introduced a membrane
oscillatory field to describe the weak and leptons, and the rotational field Φ including
it as the cylindrical axial (z) component. The field Φ as a reduced ingredient is the
Gromeka-Beltrami field that satisfies the rotational eigenvalue equation, and has helical
structure due to the phase term of ei(mθ−kz). It has been clarified that the cylindrical
boundary condition depending on the mode number m well regulates the structure,
and the discrete eigenstates of Φ determined by the condition, Φm, can have mirror-
asymmetry of the helices.
By studying correspondence of Φ with m = −1/2 to one electron undergoing
the cyclotron motion and spin precession, we found out an isotopic relation between
the internal coordinate space and angular momentum space, and a mechanical se-
quence maintaining their basis vectors. It has been suggested that the coordinate
self-renormalization subject to the mechanics is responsible for QED renormalization.
We discovered that the coordinate setup involving the eigenvalue ξ−1/2,1 for the rota-
tional ground state ofΦ−1/2 generates a numerical value corresponding to Sommerfeld’s
constant: 1/137.
The mirror-asymmetry of Φ±1/2,±1 has been associated with P -violation in β-decay.
The quantities have been revealed which correspond to the scalar field conventionally
assumed to be condensed in vacuum, and its expected value. We have seen that the
eigenvalues ξ−1,1 and ξ1,1 for the ground states ofΦ∓1 are involved in determination of a
quark electric charge and the Higgs boson mass, respectively. The imprint mechanism
of elementary charge, which is reconciled with the Weinberg angle, and that of lepton
mass have been proposed. We have argued onset of the higher mode Φ±2 and the cou-
pling with Φ±1. It has been pointed out that the even mode having mirror-symmetry
of the helices could represent graviton.
In conclusion, Φ with m = ∓1/2 referring the rotational eigenvalue of κ∓1/2,1 is
interpreted as existence itself of a charged and neutral lepton, respectively. A pair of
the fields are of the helical geometry that describes the classically indescribable two-
valuedness (”klassisch nicht beschreibbare Art von Zweideutigkeit” [43]) by the single-
valued functions. The theory supports a common image of the cosmic helices not only
for the structure of spin half point particles, but for the unified structure including
gauge bosons. This means that it seems as if collective dynamics of plasma evolving
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toward an energy relaxed state refers the internal structure of particles constituting
the macroscopic plasma. I hope the idea will shed light on a variety of fields.
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